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Projection pursuit cluster model and its application in water quality assessment
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Abstract: One of the difficulies frequently encountered in water quality assessment is that there are many factors and they cannot be
assessed according to one factor, all the effect factors associated with water quality must be used. In order to gvercome this issues the
projection pursuit principle is introduced into water quality assessment, and projection pursuit cluster( PPC) model is developed in this
study. The PPC model makes the transition from high dimension to one-dimension. In other words, based on the PPC model, multifactor
problem can be converted to one factor problem. The application of PPC model can be divided into four parts: (1) to estimate projection
index function Q{3); {2) to find the right projection direction &; (3) to calculate projection characteristic value of the / th sample z,, and
{4) to draw comprehensive analysis on the basis of z,. On the other hand, the empirical formula of cutoff radius A is developed, which is
benefit for the model to be used in practice. Finally, a case study of water quality assessment is proposed in this paper. The results
showed that the PPC model is reasonable, and it is more objective and less subjective in water quality assessment. it is a new method for
multivariate problem comprehensive analysis.
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projected onto one-dimensional space, and the feature of high
studied

Introduction

dimensional data  was through the projected

Water quality assessment is usually related to multiple- characteristics of the one-dimensional space ( Friedman,
1974) .

}fx(;.(izl,'“,n;jz 1,+*,m;n is the total number

factor comprehensive analysis. Presently, it is difficult to
resolve complex high dimensional problem directly. If there is

an effective way to reduce the dimensionality, multidi- of samples; m is the total number of effect factors of sample)

mensional space problems can be resolved on visual space, is the jih factor original value of the ith sample, the steps of

such as three-dimensional space, two-dimensional space even
one-dimensional space.

Friedman { Friedman, 1974 ) developed a projection
pursuit principle. Tt is able to find a right projection direetion
that can retain the main feature of data according to a
projection index. On the basis of the right projection
direction, high dimensional problem can be converted to low
dimensional problem such as one-dimension. The objective,
high dimensional data characteristics can be analyzed on one-
dimensional or two-dimensional space, and many ordinary
methods used on low dimensional space can be used to
analyze high dimensional problems can be achieved. Based
on the consideration mentioned ahove, the projection purmsuit
cluster{ PPC) model is developed. During the development,
the PPC model is brought into steady improvement, which has
been used in many fields(Jin, 2001; Zhang, 2001a; 2001h;
2002; Wang, 2002a). The PPC model and its application

will be introduced in detail in the following sections.
1 PPC model

Projection pursuit is a statistical method that can be
used to analyze complex muitivariate problems. This paper

deseribes a linear projection, High dimensional data s

developing PPC model can be illustrated as follows.
(1) Data standardization. In order to eliminate the
effect from dimension and ranges, the original value will be

transformed before it is used by PPC model. Here, the

u

x
. . . 0
transfortnation formula is x, = = . where x;

is the

xj mex
original maximum of the jth factor.

(2) Linear projection. A linear projection is described
in this paper. H d is a m-dimensional unit vector, and z; is
the projection characteristic value of the ith sample, the
linear projection of the {th sample can be expressed by
Formula (1),

zZ, = Eajx,,. (1)
V=1

(3) Objective projection index function. Water quality
assessment and cluster analysis are the same in essence.
Based on the prineiple of cluster analysis, the projection
index (&) can be written as Formula (2),

Q(d) = s(a) - d(a). (2}
Here, @ is the projection axis, s( &) measures the spread of
data, and d(@) describes the “local density” of the points
after projection onto 4 . The bigger the value of @ (d) is,
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the more remarkable the cluster will be.
The value of s( @) is calculated by the variance of z,,

as Formula (3),

s(d) = [i(zi-z)zln]”z. (3)

Here, z is the average value of z, in axis @ .

On the other hand, d (a4 ) is caleulated through the
distance r, between two points’ projection characteristic
value. Let ry = lz, ~ 2z, 1(k=1,-,n), and d{ @} can he

expressed by Formula (4),

n

did) = :{]jé](R -~ r (R = ). (4)

i=1 k=1
Here, f(R - r,) is a jump function, f( R - r, )} =1 when
R>ry, orelse f{R-7,)=0. R is the parameter in PPC
model, which is called cutoff radius according to Friedman’s
model ( Friedman, 1974}. There are indications that the

scope of cutoff radius is max(r, ) + r; <R<2m, and let R

= m in practice( Wang, 2002h) .

(4) Optimizing projection direction. The estimation of
the optimum projection direction @ is the key problem of PPC
model . According to the analysis above, we know that ¢ will
be the right projection direction when Formula (2) reaches
the maximum value. The issue to find ¢ can be expressed hy
the following optimum problem,

{rmec (s)
a =1.
The problem described by Formula (5) can he resolved

by many optimum methods; however, projection index
function may be differentiable and continuous when projection
direction is oplimized with traditional optimum method,
Because it s difficult to develop a suitable projection index
function for some problems in practice, it may affect the
development of projection pursuit technique. In order to
overcome this issue, genelic algorithm is used 1o estimate
optimum projection direction @ in this paper { Zhang,
2001a).

(5} Comprehensive analysis. Because z, is able to
reflect the comprehensive feature of samples, we can analyze
data feature and draw a right conclusions according to the

discrepancy of z, .
2 Application

A case study of water quality assessment will be given in
the following section. Data on water quality standard and
assessment sample ( only one) are shown in Table 1 (Li,
1995) .

First, establishing PPC model according to the data of
water quality standard, where n =5 (not 6), m =5. We
can estimate the parameter of PPC model and get the cluster
standard about z; { Table 1). Cluster standard based on z,
are: lype [ (2, 0.0861), type Il (0.0861 < z, <0.1235),
type I (0.1235 < z, = 0.3012), type IV(0.3012 < z, <
0.7679), and type V (0.7679 < z, =2.235) .

Second, the projection characteristic value of observed
sample could be computed using above model, z = 0.2331

{Table 1) .

Table 1 Value of water quality standard and obscrved sample { mg/L)

Water quality standard

lndex Observed
[ m i ¥ y  daa
(M§]}] 1 2 4 8 20 2.1
NH;-N 0.2 0.4 0.5 1 5 0.38
Volatile phenol 0.002 0.005 0.01 0.1 0.5  (.003
Cyanide 0.0 0.02 0.05 0.2 0.5 0
Total degree of limewater 30 40 80 160 300 106
N 0.0861 0.1235 0.3012 0.7679 2.235 0.2331

Finally, according to the comparison between z and z,,
we can draw a conclusion that the water quality type of

ohserved sample is belong to type Tl . It is consistent with
that obtained by Li(Li, 1995).

3 Conclusions

The study in this paper led to four major conclusions:
(1) an operational cluster medel based on projection pursuit
principle is purposed. The results showed that the PPC model
is reasonable and functional. The cluster resulis according to
the characteristics of data would be more objective and less
subjective; (2) the empirical formula of estimating cutoff
radius is developed, which is benefit for PPC model to be
used in practice; (3) the genetic algorithm, which can
overconie the shortcoming of traditional methods, iz used to
find the right projection direction in this paper. It can extend
the application and dissemination of the PPC model; (4)

there are some questions that need to have further

investigation, e.g., the principle of projection index function

section and the theory of cutoff radius estimation,
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